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1. Introduction

The notion of BCK-algebras was proposed by Imai and Iseki in 1996. In the same year,
Iseki [6] introduced the notion of a BCl-algebra which is a generalization of a BCK-algebra.
Since then numerous mathematical papers have been written investigating the algebraic
properties of the BCK/BCl-algebras and their relationship with other universal structures
including lattices and Boolean algebras. Fuzzy sets were initiated by Zadeh [10]. In [9], Zadeh
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made an extension of the concept of a Fuzzy set by an interval-valued fuzzy set. This interval-
valued fuzzy set is referred to as an i-v fuzzy set. InZadeh also constructed a method of
approximate inference using his i-v fuzzy sets. In Birwa’s defined interval valued fuzzy
subgroups of Rosenfeld's nature, and investigated some elementary properties. The idea of
“Intuitionistic fuzzy set” was first published by Atanassov as a generalization of notion of fuzzy
sets. After that many researchers considers the Fuzzifications of ideal and sub algebras in
BCK/BCl-algebras. In this paper, using the notion of interval valued fuzzy set, we introduce the
concept of an interval-valued intuitionistic fuzzy BCl-algebra of a BCl-algebra, and study some
of their properties. Using an i-v level set of i-v intuitionistic fuzzy set, we state a characterization
of an intuitionistic fuzzy P-ideal of BCl-algebra. We prove that every intuitionistic fuzzy P-ideal
of a BCl-algebra X can be realized as an i-v level P-ideal of an i-v intuitionistic fuzzyP-ideal of
X. in connection with the notion of homomorphism, we study how the images and inverse
images of i-v intuitionistic fuzzy P-ideal become i-v intuitionistic fuzzy P-ideal.

2. Preliminaries:

Let us recall that an algebra (X,*,0) of type (2,0) is called a BCl-algebra if it satisfies the
following conditions:1.((x*y)*(x*z))*(z*y)=0,
2.(x*(x*y))*y=0,
3.x*x=0,
4.x*y=0 and y*x=0 imply x=y, forall x, y, z € X.

In a BCl-algebra, we can define a partial ordering”<” by x <y if and only if x*y=0in a
BCl-algebra X, the set M={x eX/0*x=0} is a sub algebra and is called the BCK-part of X. A
BCl-algebra X is called proper if X — M#¢. otherwise it is improper. Moreover, in a BCl-algebra
the following conditions hold:

L (x*y)*z=(x*2)*y,

2. Xx*0=0,

3. x <y imply x*z <y*z and z*y <z*Xx,
4. 0*(x*y) = (0*x)*(0*y),

5. 0%(x*y) = (0*x)*(0*y),

6. 0%(0*(x*y)) =0*(y*x),

7. (x *2)*(y*z) =x*y

An intuitionistic fuzzy set A in a non-empty set X is an object having the form A= {<x,
Ma(X), va(X)>/xeX},Where the functions pa : X—[0,1] and va: X—[0,1] denote the degree of
the membership and the degree of non-membership of each element xe X to the set A
respectively, and 0< pa(x) + va(x) < 1 for all xe X.Such defined objects are studied by many
authors and have many interesting applications not only in the mathematics. For the sake of
simplicity, we shall use the symbol A=[pa, va] for the intuitionistic fuzzy set A={[pa(x),va(X)}/
xeX}.

Definition 2.1:A non - empty subset | of X is called an ideal of X if it satisfies:

1.0el,

2.x*yel and yel = Xel.

Definition 2.2: A fuzzy subset p of a BCl-algebra X is called a fuzzy ideal of X if it satisfies:
Lp(0)>p(x),

2. u(x)=min {u(x*y),u(y)},for all x, yeX.

Definition 2.3: A non-empty subset | of X is called a P- ideal of X if it satisfies:
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1.0€l.

2. (x*2)*(y*z)el and yel imply x*zel.Putting z=0 in(2) then we see that every P- ideal is an
ideal.

Definition 2.4:A fuzzy set p in a BCl-algebra X is called an fuzzy P- ideal of X if

1.p(0)zp(x),

2. pO=min {p ((x*2)*(y*2)),u(y)}-

Definition 2.5: An IFS A=< X, Ha, va> in a BCl-algebra X is called an intuitionistic fuzzy ideal
of X if it satisfies:

(F1) pa (0)= pa(X) & va(0) = va(X),

(F2) pa(x)= min {pa (x*y), Ha(Y)},

(F3) va (X) < max {va(x*y), va (y)}, for all x, yeX

Definition 2.6: An intuitionistic fuzzy set A=< pa, va> of a BCl-algebra X is called an
intuitionistic fuzzy P- ideal if it satisfies (F1) and

(F4) pa()=min {a((x*2)*(y*2)), ua (¥)},

(F5) va(y*x)<max{va((x*2)*(y*z)), va (y)}, for all x,y,z € X.

An interval-valued intuitionistic fuzzy set A defined on X is given
byA={(x,[5 ()Y ()], [5(X)vY (X))}, vxeX where pk,u¥ are two membership functions and
vk vy are two non-membership functions X such that pi<p{&vi>v{Vv xeX. Let
a(¥)=[u5, 1Y 1&0, (x)=[v], Y],V xeX and let D[0,1]denote the family of all closed subintervals
of [0,1].1f ph(¥)=pY(x)=c,0<c<1 and if vi(X)=vY¥(x)=k, O0<k<lithen we have
Ha(X)=[c,c]&va(X)=[k,k] which we also assume, for the sake of convenience, to belong to
D[0,1]. thus pa(X)&Va(X)€[0,1],v xeX,and therefore the i-v IFS a is given by
A=[(X,p1a(X),0a(X))},V xeX,where ia(X):X—D[0,1]. Now let us define what is known as refined
minimum, refined maximum of two elements in D[0,1].we also define the symbols” <”,”>" and
“=" in the case of two elements in D[0,1]. Consider two elements Dj:[a;,b;]and
D,:[a2,b,]eDI[0,1]. Then
rmin(D1,D2)=[min{a;,a2},min{b1,b,}],rmax(D,D,)=[max{a1,a,},max{bs,b,}|D;>D, &
a1>az,b1>by;D1<D,& a1<ay,bi<b, and D1=D,.
3.Interval-valued Intuitionistic fuzzy P-ideals of BCl-algebras
Definition 3.1: An interval-valued intuitionistic fuzzy set A in BCl-algebra X is called an
interval-valued intuitionistic fuzzy P-ideal of X if it satisfies
(F1)EA(0) ZHa(X),0A(0) <UA(X),

(FI2)ra(¥)=r min {fa((x*2)*(y*2)),na(Y)},

(Fl3)oa(x) <1 max {Ua((x*2)*(y*Z)),0A(Y)}-

Theorem 3.2Let A be an i-v intuitionistic fuzzy P-ideal of X. if there exists a sequence {Xn} in X
such that

,!im 1, (x,)=[1,1], rI]im v,(x,)=[0,0] then na(0)=[1,1] andva(0)=[0,0].

Proof:Since pa(0) >pa(x)and va(0) <va(x) for all xeX, we have pa(0) >pa(Xn) and Ua(0)
<Ua(Xn), for every positive integer n. note that[ .y, 5 1>z, (0) .[1,1] >HA(X) >HA(0) >lim zz,(X,)
=[1,1]. [A5,AY1<2,(0) .[0,0] <Ua(X)<Ta(0)<limi,(x,)=[0,0].Hence ma(0)=[1,1]

andva(0)=[0,0].
Lemma3.3:An i-v intuitionistic fuzzy set A= [(u4, uy),(v5,v%)] in X is an i-v intuitionistic
fuzzy P-ideal of X if and only if (u4, u%)and (v4, vY) are intuitionistic fuzzy ideals of X.
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Proof:Since 7 (0) 24 (x); 14 (0) 2 (x);04(0) < v (x)and vy (0) < vy (x),
Thereforepia(0) >pia(X),0a(0) <UA(X).

Suppose that (u%, uY§) and (v, vY)are intuitionistic fuzzy ideal of X. let x,yeX, then
Ra(X)=[1A (%), 17 ()] Z[min {pg (*y), 1z (y)}min{uz (<*y), uz ()3
=r min {[u; (x*y), wg )1 [14 (y), wa (V)13
= r min {fa(x*y),Ha(y)} and
Da(X)= [V4(¥),u1 (1< [max{vz (x*y), vz (y)} max{vg (x*y),u4 (¥)}]
=r max {[vz (x*y), v(x*y)L[V4(y), v(y)I}
= r max {Oa(X*y),0a(Y)}-
Hence A is an i-v intuitionistic fuzzy ideal of X.
Conversely,
Assume that A is an i-v intuitionistic fuzzy ideal of X. for any x,yeX,we have
[ (%), 17 (¥)]= RA(X) = 1 min{ [Ha(x*y), Ha(Y)]}
=r min {[u; (x*y), ugd )1 [14 (Y), wa (V)13
= [min {u (x*y), s (V) min{pg (x*y),uz (v)}]
And [u(x),04 (X)] =0a(X) < r max{Oa(x*y),Ua(y)}
=r max {[vj (x*y), vl (*y)1, [Vi(y), v (1}
= [max {vz (x*y), vz (y)}min{vf (x*y),v{ (¥)}]
It follows thatyy (x) > min {us (x*y),uz (¥)},v4 (x) < max{vz (x*y),v4(y)}
Andpg (x) = min {p7 (x*y), 17 ()}, v4 (x) <max {og (x*y),uf (¥)}
Hence (u4, uY{)and (v, v¥) are intuitionistic fuzzy ideals of X.
Theorem 3.4.Every i-v intuitionistic fuzzy P-ideal of a BCl-algebra X is an i-v intuitionistic
fuzzy ideal.
Proof: Let A=[(u}, uY), (v%,vY{)] be an i-v intuitionistic fuzzy P-ideal of X, where(uk, u¥)and
(L, vY)are intuitionistic fuzzy P-ideal of X. thus (uk, u¥)and (v, vY)are intuitionistic fuzzy P-
ideals of X. hence by lemma 3.3, A is i-v intuitionistic fuzzy ideal of X.
Definition 3.5: An i-v intuitionistic fussy set A in X is called an interval-valued intuitionistic
fuzzy BCI-sub algebra of X if fia(x*y)>r min { pa(X), fia(y)} and va (X*y)< {va(x),0s(y)}, for all
X, YeX.
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Theorem 3.6: Every i-v intuitionistic fuzzy P-ideal of a BCl-algebra X is i-v intuitionistic fuzzy
sub algebra of X.

Proof: Let A=[(u}, u%), (v, vY)]be an i-v intuitionistic fuzzy P-ideal of X, where (u%,pY),
and (v§,vY) are intuitionistic fuzzy P-ideal of BCl-algebra X. thus (u%, uY), and (v%,v%)are
intuitionistic fuzzy subalgebra of X. Hence, A is i-v intuitionistic fuzzy sub algebra of X.

4. Cartesian product of i-v intuitionistic fuzzy P-ideals

Definition 4.1:Letjig, g respectively, be an i-v membership and non- membership function of
each element xeX to the set B.Then strongest i-v intuitionistic fuzzy set relationon X ,that is a

membership function relation fiaonpis and non- membership function relation G ontg and 1,

» whose i-v membership and non- membership function, of each element (x, y) eXxX and
Ao

defined by 71, (x, y)=r min{fis(x),is(y)}& v, (X, y)=r max{vg(x),Us(y)}

Definition 4.2: Let B=[ (uk, u4), (vk,v¥)] be an i-v subset in a set X, then the strongest i-v
intuitionistic fuzzy relation on X that is a i-v A on B is Ag and defined by,
A = 40, ) (Vi V)]

Theorem4.3:  Let  B=[(uy 2 ).(vi,va )10e @an i-v subset in a set X and

A, = [<ﬂ;5 ,ﬂgB>,<V;B e >] be the strongest i-v intuitionistic fuzzy relation on X. then B is an i-v

intuitionistic P-ideal of X if and only if Ag is an i-v intuitionistic fuzzy P-ideal of XxX.

Proof: Let B be an i-v intuitionistic fuzzy P-ideal of X. then

Fag(0,0)=r min{fa(0),ne(0)}

> 1 min{s(X),He(y)}=Has(X, y) and TVag(0,0)=r max{ve(0),0g(0)}<r max{g(X),Us(y)}=Vas(X,
y) V(X, y) eXxX.

On the other hand zz, (X1, X2) = r min {{a(x1),Re(X2)}

> 1 min{r min{fis((X1*21)*(y1*21)),Be(y1) }.r min{fe((x2*22)*(y2*22)),Ha(Y2) }}
=r min{r min{fg((X1*z1)*(y1 *21)),Hs((X2*22)*(y2 *22))},r min {Ha(y1),ia(y2)}}
=r min {fas((X1*21)*(y1 *21), (X2*Z2)*(Y2 *22)),Fia(Y1, Y2)}
=r min {fiag (((X1,X2)*(21,22))*(( Y1.Y2)*(21, 2))) . Bas(Y1, ¥2)}

Also, v, (X1, X2)=r max {Ug (X1),08(X2)}

< r max{r max{us((X1*z1)*(y1 *z1)),0s(y1) },r max{Us((X2*z2)*(Y2 *22)),0s(Y2) }}

13
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= r max{r max{vs((X1*z1)*(y1 *21)),0s((X2*22)* (Y2 *22))},r max {Us(z1),0s(z2)}}
=r max{Uas((X1*21)*(y1 *21), (X2*22)*(22 *Y2)),0a(Y1, ¥2)}
=r max{Oas(((X1,X2)*( 21,22))*(( Y1,Y2)*(21,22))),Vas(21, 22)}
For all (X1,X2),(Y1,Y2),(21,22) in XxX. hence Ag is an i-v intuitionistic fuzzy P-ideal of XxX.
Conversely,
let Ag be an i-v intuitionistic fuzzy P-ideal of XxX. then for all (X, X)eXxX.we have
r min {{is(0),Ha(0)}=Has(0,0)=Has(X, X) = r min{jis(X),Hs(X)}(or)is(0) =ps(x) and
r max {Ug(0),0s(0)}=0a5(0,0)<Uas(X, X) = r min{Ug(X),Hs(X)}(0r)us(0)<vs(X)VXxeX. Now,
Let (X1,X2),(Y1,Y2),(21,Z2) €XxX, then
r min {fs(X1,X2)}=Has(X1, X2)>r min {Fas(((X1,X2)*((Z1, 22))*((Y1,Y2)*(21,22))), Bas(Y1, Y2)}
=r min {fag ((X1*21)*(Y1*21), (X2*22)*(Y2*22)),Has(Y1,Y2) }

=r min {r min {fs((x1*21)*(y1*21)).He(y2)},r min {fas((X2*22)*(y2*22)),Re(y2)}}
Also, rmax {Ug(X1,X2)} =Uas(X1, X2)

<r max {Uas(((X1,X2)*((z1, 22))*((Y1,¥2)*(21,22))),Une(Y1,Y2)}

=r max {Uas(((X1*z1)*(y1*71)), (X2*22)*(y2*22))), Vas (Y1.Y2)}

=r max {r max {Og((x1*z1)*(y1*21)),He(y1)},r max {Oas((X2*22)*(Y2*22)),Us(Y2) } }
If x,=y,=2,=0, then
r min {fig(X1),1e(0)}=r min {r min {He((X1*21)*(y1*21)),He(y1)},He(0)} and
r max {Ug(x1),0s(0)}>r max {r max {Ug((X1*z1)*(y1*21)), Us(Yy1)},Us(0)}
He(X0)=r min {fe((X1*21)*(Y1*Z1)), He(y1)} and
Ug(X1) =r max {Ug((X1*21)*(y1*21)), Ue(Y1)}-
Therefore B is i-v intuitionistic fuzzy P-ideal of X.
Definition 4.4: An intuitionistic fuzzy relation A on any set a is a intuitionistic fuzzy subset A
with a membership function Qa: XxX— [0, 1] and non- membership function Wa: XxX— [0, 1].
Lemma 4.5: Let iaand fig be two membership functions and Ua and Ug be two non- membership
functions of each x eX to the i-v subsets A and B, respectively. Then puax Hg is membership
function and vax vg is non- membership function of each element(x,y)eXxX to the set AxB and
defined by ( iaxfis)(X, y)=r min {fia(X), fis(y)} and

(ﬁAxﬁB)(Xi y) = max {ﬁA(X)J—)B (y)}

14
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fuzzy subsets in a set X. The Cartesian product of AxB is defined by AxB= {((X, Y¥), HaXis,
VaXUB); VX, YeXxX}Where AxB: XxX—DJ[0,1].
Theorem 4.7: Let A=[(u}, u%), (vh,v¥)]and B=[ (uk, u¥), (vk,vY%)] be two i-v intuitionistic
fuzzy subsets in a set X, then AxB is an i-v intuitionistic fuzzy P-ideal of XxX.
Proof: Let(x, y) eXxX, then by definition
(Raxig) (0,0)=r min {jia(0), Ha(0)}
= rmin {[14(0),n7 (0)].[15 (0), 15 (0)1}
=[min {5 (0),u5(0)}min{py (0),15 (0)}]
>[min {u (%), w5 (¥) 3 min{ g (3,05 (¥)}]
=r min {7 (%), 17 (1[5 (v), 15 (V)13
= r min {Ha(x), is(y)}
=(Bax He)(X, Y)
And (VaxUg)(0,0)=r max {Ua(0), Us(0)}
= r max {[v5(0),u1 (0).[v5(0).v5 (0)I}
=[max {v(0),u5(0)} max{vy (0),u5 (0)}]
<[max {vz (x),u5(y)}max{v (x),v5 (¥)}]
=r max {[vz(x),04 ()1,[V5 (y),vE ()]}
= r max {Ua(x),0s(y)
=(0axUs)(X, Y)
Therefore (Fl) holds. Now, for all x, y, zeX, we have
(faxfie) ((x, X))=r min { pa(x),ua(x)}
>r min{r min{z, (x*2)*(y*2)), Z, ()}, r min{zz, (X' *2')*(y"*2")), 7, (y")}}
=rmin{{min{u",((x*2)*(y*2)), 1", )}, min{e”, (x*2)*(y*2)), 1 ,¥)}},
{min{u"s (X *2)*(y*2'), 15 (YOl min{e” o (X *27)*(y™* 7)), 1”5 (Y3}
={min{min{u",(x*2)*(y*2)), "5 (X" *2)*(y* )}, min{u", (v), 15V},
min{min{z” . (x*2)*(y*2)), 1" s (" *2)*(y*2'))}, min{” ,(y), 4”6 (v )33}
=r min {(fiaxfis) ((C*2)*(y*2)), (x'*2')*(y"*2))) .(Aaxfie)(y, ¥)}

Also, (0axTg) ((X, X)) =r max { va(x),vs(X)}
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<r max{r max{v7, (x*2)*(y*2)), v, ()}, r max{v,(x' *z")*(y"* ")), v, (y")}}
=r max{{max{v",(x*2)*(y*2)),v" .} max{v" ,(x*2)*(y*2)),v" . ()}},
{max{v"5 (X" *27)*(y"™*2')), v (y)} max{v" s (X *2) * (v * 7)), v7 5 (¥}
={max{max{v",(x*2)*(y*2)),v s (X *2')*(y"*2"))}, max{v", (¥), v 5 (¥ )3},
max{max{v" ,(x*2)*(y*2)),v" s (X *2')*(y*2"))}, max{v" o (¥), V"5 (v )33}
= 1 max {(V, x ¥ )(x*2) * (y*2)), (X*Z") * (Y *Z")), (Va x V) (¥, Y')}
Hence AxB is an i-v intuitionistic fuzzy P-ideal of Xx X
Definition 4.8: Let A be a fuzzy ideal of BCI algebra X. The fuzzy set A™with membership
function u , is defined by x,, (x) <(u,(X))", Vx€ X
Theorem 4.9 Iffia is a i-v intuitionistic fuzzy a-ideal of BCl-algebra X, thenz,, is also i-v

intuitionistic fuzzy P-ideal of BCl-algebra X
Proof: Forall x,y, z e X
L.72,(0)2 115 (x), 7,(0)<¥, ()
=[7,0)]" [ (x)]. [74(0)]" <[ 7 (
= 1,(0)" 2z, (x)", 7,(0)" v, (x)
= @,,(0)24,,(x), V,,(0)<v,,(x), ¥xe X
2.y () zrmin{z1, (x*2)*(y*2)), 1, () }

= [z, (] 2[rmin{z, (x*2)*(y*2)), 7, \)}]"
= f, (X) " zrmin{z, (x*2)*(y*2)), 7, () }"
= Hyp (X)2rmin{z, (x*2)*(y*2))", 2, (¥)" }
= Hpo () 2rmin{z,, (x*2)*(y*2)), 4,, ()}
3.V, () <rmax{z, (x*2)*(y*2)), 2, (V) }

= [V, (] <[rmax {7, (x*2)*(y*2)) v, ))}]"
=V, ()" <rmax {v, (x*2)*(y*2)),vs M }"
=V, ()<rmax {v, (x*2)*(y*2))", Vo (¥)" }
=V (X)<rmax{v,, (x*2)*(y*2)), V,» )}

5. Union and Intersection of i-v intuitionistic fuzzy P-ideals

X)]

m
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Definition 5.1: Let A and B be two fuzzy ideal of BCI algebra X. The fuzzy set a. sWwith
membership function u, is defined by g, , (X)=max{u,(X), 15 (X)}, VX e X.
Definition 5.2: Let A and B be two fuzzy ideal of BCI algebra X. The fuzzy set A~B
membership function x, , is defined by p, , (X)=min{u,(X), 1; (X)}, x € X.

Definition 5.3: Let A and B be two fuzzy ideal of BCI algebra X with membership function and
respectively. A is contained in B if u,(X) < (X), V xe X

Theorem 5.4: If ais a i-v intuitionistic fuzzy P-ideal of BCl-algebra X, then z, . is also a i-v

intuitionistic fuzzy P-ideal of BCl-algebra X.

Proof: Forall x,y,z e X

1.71,(0)> 1, (x), V,(0)<v,(x) and fg (0)> 5 (), V5 (0)<v,(X)
min{z,(0), &5 (0)}=min{z, (x), & (x)}, min{v,(0), vz (0O}<min{v, (x), vz (x)}

ﬁAuB (O)ZﬁAUB (X)v ‘7AuB (0)S 17AuB (X)

2.1, () zrmin{z, (x*2)*(y*2)), ma N} g (X)2rmin{ g, (x*2)*(y*2)), 1, (¥)}

L (%), g ()} {rmin{z, (x*2)*(y*2)), £, N}, rmin{ g (x*2)*(y*2)), 15 (V) 1}
max{ 22, (x), s (X)}= max{r min{zz, (x*z)*(y*2)), &, W)}, rmin{zz (x*2)*(y*2)), 15 (V) }}
> max{r min{zz, (x*2)*(y*2)), g15 (x*2)*(y*2))}, rmax{z,(y) i (¥)}}

If one is contained in the other

rmin{max{ zz, (x*2)*(y*2)), s (x*2)*(y*2))}, max{z, (). 4 (¥)}}

Haog ()21 min{zz, 5 (xX*2)*(y*2)), tas ()}

3.y () <rmax{v, (x*2)*(y*2)), v, (V)}, Ve (X)<rmax{vy ((x*2)*(y*2)), 1, (¥)}

{Va (0,75 ()} < {rmax{v, (x*2)*(y*2)),v, (¥)}, r max{v, (x*2)*(y*2)),vs (2)}}
max{v, (x), Vg (X)}< max{r max{v, (x*z)*(y*2)),v, (y)}. rmax{vy (x*z)*(y*2)),vg (¥)}}
Vaoe (X)< rmax{max{v, ((x*2)*(y*2)),v; (x*2)*(y*2))}, max{v,(y).vs (¥)}}

Vaoe ()< Tmax{v, g (x*2)*(y*2)),Va e (V)}

Theorem 5.5:1f fiais a i-v intuitionistic fuzzy R-ideal of BCl-algebra X, then gz, ; is also a i-v

intuitionistic fuzzy P-ideal of BCl-algebra X

Proof: Forall x,y,z e X
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1.72,(0)2 72, (x), V,(0)<¥,(x) and Z; (0)= 115 (x), ¥ (0)<¥ ()

min{z,(0), 75 (0)}=min{z, (x), 75 (X )}, min{¥, (0), V5 (O)}< min{v, (x), Vg (X)}

Fiar (0)2 2 (X), Ve (0)< Vg (X)

2., (X)2rmin{ zz, (x*2)*(y*2)), 1, (V) } g (X) 21 min{ gz (x*2)*(y*2)), 1, (¥) }

{7, (9. s ()} = {rmin{ 7, (x*2)*(y*2)). i, 0) 3, r min{ G, (x*2)*(y*2)). o (V) }}

min{z, (X), 75 (x)}= min{r min{zz, (x*2)*(y*2)), &, ()} r min{ zz; (x*2)*(y*2)), 11 (¥) }}
> min{r min{ 7z, ((x*2)*(y*2)), fis (x*2)*(y*2))}.r min{ 7, (¥). 71 () }}

Harg )Zrmin{zi, 5 (x*2)*(y*2)), Has ()}

3.7, () <rmax{7, (x*2)*(y*2)). 7, 0} 7 () <r max{7, (x*2)*(y*2)). 7, )}

Wa (), Vg ()} < {rmax{v, (x*2)*(y*2)),v, (v)}, rmax{vg (x*2)*(y*2)).vs (V) }}

If one is contained in the other

min{7, (X),7, (\)}< min{r max{7, (x*2)*(y*2)),7, ()},  max{7, (x*2)*(y*2)).7, () }}
Vane ()< rmax{min{v, ((x*2)*(y*2)), vy (x*2)*(y*2)) }, min{v, (y),ve (V) }}

Vae ()< Tmax{v, s (X*2)*(y*2)),Vae )}
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